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Abstract. Let B be an affine Cohen-Macaulay algebra over a 
field of characteristic p. For every prime ideal p C B, let Hp 

be Hp^ B|5 i^Bp^j. Each such Hp is an Artinian module endowed 

with a natural Frobenius map O and if Nil(-ffp) denotes the set of 
all elements in Hp killed by some power of then a theorem by 
Hartshorne-Speiser and Lyubeznik shows that there exists an e > 
such that e Nil(-ffp) = 0. The smallest such e is the HSL-number 
of Hp which we denote HSL(i/ p ). 

The main theorem in this paper shows that for all e > 0, the 
sets {p £ Spec B | HSL(if p ) < e} are Zariski open, hence HSL is 
upper semi-continuous. 

This extends [H) Prop. 4.8] where M. Hashimoto proves that the 
F-injcctive locus of an F-finite Cohen-Macaulay ring is a Zariski 
open set. Note that our result does not assume F-finiteness. 



1. Introduction 

Throughout this paper every ring is assumed to be Noetherian, com- 
mutative, associative, with identity, and of characteristic p. Further- 
more, we assume the reader has some prior knowledge of local coho- 
mology, such as can be found in [B-S[ Chapter 3] . 

If R is such a ring then for any positive integer e we define the e th - 
iterated Frobenius endomorphism T e : R — > R to be the map r 4 r pe . 
For any i?-module M, we can define F£M to be the Abelian group M 
with R- module structure given by r ■ m = T e (r)m = r v "m for all r G R 
and m G M. We can also define a functor, the e th -Frobenius functor 
from i?-modules to -R-modules as follows. For any i?-module M, we 
consider the F^-module F^R ®# M and after identifying the rings 
R and F*R, we may regard F£R Cg>j? M as an R- module and denote it 
Fft(M) or just F e (M) when R is understood. The functor F^(-) is 
exact when R is regular, cf. [B-Hl Corollary 8.2.8], and for any matrix 
C with entries in R, F^(CokerC) is the cokernel of the matrix C' p ^ 
obtained from C by raising its entries to the p e th power. 

l 
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The main result of this paper concerns the study of HSL numbers 
which we now define. For any F-module M an additive map : M — > 
M is a e th -Frobenius map if it satisfies 0(rm) = r pE 0(m) for all r G R 
and m G M. Given such we can define for % > the F-submodule 
Mi = {m G M | 0*m = 0}. We define the submodule of nilpotent 
elements in M, denoted Nil(M), to be Uj>oMj. 

We have the following. 

Theorem 1 (cf. Proposition 1.11 in |H-S] and Proposition 4.4 in 
JL]). Assume (F, m) is a complete regular ring, M is an Artinian R- 
module and : M — >• M is a Frobenius map then the ascending se- 
quence {Mj}j> above stabilises, i.e., there exists an rj > such that 
0"Nil(M) = 0. 

Definition 2. We define the HSL number or index of nilpotency of 
on M, denoted HSL(M), to be the smallest integer e at which 
e Nil(M) = 0, or oo if no such i exists. 

We can rephrase Theorem [T] by saying that under the hypothesis of 
the theorem, HSL(M) < oo. 

Our results generalisation of [HI Prop. 4.8] where it is proven 
that under certain hypothesis, the F-injective locus of a ring, which we 
introduce below, is open. 

Recall that a natural Frobenius map acting on any i?-module M 
induces a natural Frobenius map on H^(M), cf \K1\ Sect. 2]. 

Definition 3. A local ring (R, m) is F-injective if the natural Frobenius 
map T: H^(_R) — > H l m (R) is injective for all i. 

Remark 4. If (R, m) is a Cohen-Macaulay ring of dimension d and M 
is an i?-module then the only non-trivial local cohomology module is 
the top local cohomology H^(M). Therefore, for such a module M to 
be F-injective is equivalent to HSL(H^(M)) = 0. 

We shall say that (R, m) is CMFI if it is Cohen-Macaulay and F- 
injective. A non-local ring R is CMFI if for each maximal ideal m C R 
the localisation R m is CMFI. We define the F-injective locus of R to 
be: 

CMFI(F) = {pe Spec(F) | R p is CMFI}. 

The structure of this paper is the following; in Section [2] we define the 
operator I e {— ) and in the case of a polynomial ring A we show that 
it commutes with completions and localisations with respect to any 
multiplicatively closed subset of A. In Section |3] we are given a quotient 
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S of a local ring (R, m) and we give an explicit description of the R- 
module J r e (H^ >5 (S')) consisting of all e^-Frobenius maps acting on the 
top local cohomology module H^ 5 (S'). Using the fact that J r e (H^ s (5')) 
is generated by one element which is the natural Frobenius map acting 
on H^ l5 (S') (cf. |Ly-Sm[ Example 3.7]) along with our result we obtain 



an explicit description of any Frobenius map acting on H^ 5 (5). Once 
we know this, we prove the main theorem of this section whose aim 
is to give a formula to compute HSL(H^ 5 (5')); as a corollary we get 
a characterisation for S to be F-injective. The goal of Section 0] is to 

prove that the set B e = jp G Spec(A)|HSL (E^f (B p )^j < e}, where 

B is a quotient of a polynomial ring A, is a Zariski open. Note that it 
follows that the F-injective locus of a quotient of a polynomial ring is 
Zariski open. 

2. The I e {-) operator 

In this section we show that the I e {— ) operator defined below com- 
mutes with localisations and completions. For any ideal I of R, we shall 
denote by 1^ the e t/! - Frobenius power of /, i.e. the ideal generated by 
{a pe \ael}. 

Definition 5. If R is a ring and JCflan ideal of R we define I e {J) 
to be the smallest ideal B of R such that its e th -Frobenius power B^ 
contains J. 

Remark 6. In general, such an ideal does not need to exist; however it 
does exist in polynomial rings and power series rings, cf \K1\ Proposi- 
tion 5.3]. 

Throughout Section [2] let A be a polynomial ring K.[xi, . . . , x n ] and 
W be a multiplicatively closed subset of A and JcAan ideal. 

Lemma 7. If L C W~ X A is any ideal then I>1 n A = (L n A)^\ 

Proof. n A and (L D A)^ have the same generators. In fact, 

let y, . . . , y generate L. Then L\ p ^ is generated by —r-, . . . , ^- and 
n A is consequently generated by g\ , . . . , gf; on the other hand 
L n A is generated by g%, - • • ,g s therefore (L fl A)^ is generated by 

□ 

Lemma 8. Let A be a polynomial ring and W any multiplicatively 
closed subset of A. Then for any ideal J of A and for any integer e, 
I e (W- l J) exists and equals W~ l I e (W^ 1 J fl A). 
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Proof. Given any ideal L C W 1 A such that W 1 J C we have 
that W~ l I e {W~ l Jr\A) C L; in fact, W^JnA C L^'nA = (LnA)[ pe ] 
and consequently J e (W -1 J n A) C L n A so W~ x I e {W~ x J n A) C 
W -1 (LnA) = L. Hence W /_1 / e (iy" 1 JnA) is contained in all the ideals 
L such that iy _1 J C L^. If we show that W~ l J C (W~ 1 i e (W~ 1 J n 
A))^ then 7 e (W -1 J) exists and equals W~ 1 I e (W~ 1 J n A). But since 
lf _1 Jni C J e (W" 1 Jn then using Lemma [7] we obtain W -1 J = 

rHwVnA) c r^/efr^nijM) = (^- 1 / e (^- 1 jn^))W. 

□ 

Proposition 9. Let A denote the completion of A with respect to any 
prime ideal and W any multiplicatively closed subset of A. Then the 
following hold: 

(1) I e (J ® A A) = I e (J) ® A A, for any ideal J C A; 

(2) W- l I e (J) = I e (W-\J). 

Proof. (1) Write J — J ® A A. Since I e (J) [pe] D J using |Ly-Sm , 
Lemma 6.6] we obtain 

(/ e (J) n A)[ p£ i = i e (J) lpe] had J n A = J. 

But I e (J) is the smallest ideal such that I e (J)^ D J, so L e (J)(~) 
A D J e (J) and hence 7 e (j) = (J e (j) fl A) g) A A D I e (J) ® A A. 
On the other hand, (J e (J) ® A A)b1 = J e (J)[ pe l ® A A D J <g> A A 
and so J e (J <g> A A) C J e ( J) <g> A A 
(2) Since J C W _1 J fl A then J e (J) C I e (W^J n A) and so 
W 1 / e (^) C H/- 1 / e (H/- 1 JnA). ByLemmaEl W~ l I e (W~ l J H 
R) = I e (W-\J) hence W -1 !^./) C I e (W~ l J). 
For the reverse inclusion it is enough to show that W~ 1 J C 
(H/- 1 / e (J))[ pe ] because from this it follows that I^W^J) C 
H /r_1 / e (J) which is what we require. Since J C / e (J)t pe l then 
W-V C H/- 1 (J e (J)[P e l) = (H/~ 1 / e (J))[ pe ] where in the latter 
equality we have used Lemma [TJ 

□ 

3. The local case 

In this section we give an explicit formula for the HSL-numbers (cf. 
Definition [2]) under some technical hypothesis. 

For the moment, assume (R, m) is complete and local and let (— ) v 
denote the Matlis dual, i.e. the functor Hohir(— , Er), where Er = 
Ejj(K) is the injective hull of the residue field IK of R. We start by 
recalling the notions of A e -functor and the \l/ e -functor which have been 
defined in |Kll Section 3] ; let C e be the category of Artinian i?-modules 
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with Frobenius maps and T> e the category of i?-linear maps %: M — > 
Fft(M) with M a Noetherian i?-module and where a morphism between 

M F|(M) and N A F§,{N) is a commutative diagram of R- linear 
maps: 



M 



«M 



<1N 



Fr{M) — — ^ Fft(N). 

We define a functor A e : C e — > P e as follows: given an e tft -Frobenius 
map of the Artinian i?-module M, we obtain an i?-linear map </> : 
F^(R) ®rM — > M which sends F^r®m to rOm. Taking Matlis duals, 
we obtain the i?-linear map 

M v -> (F, e (i?) ® fi M) v = ® fi M v 

where the last isomorphism is the functorial isomorphism described in 
[L| Lemma 4.1]. This construction can be reversed, yielding a functor 
\l/ e : D e — > C e such that \l/ e o A e and A e o \l/ e can naturally be identified 
with the identity functor. See |K1[ Section 3] for the details of this 
construction. 



From now on let (R, m) be a complete, regular and local ring, / an 
ideal of R and write S = R/I. Let d be the dimension of S and suppose 
S is Cohen-Macaulay with canonical module uj. For our purpose, we 
assume that S is either, generically Gorenstein (i.e. each localisation 
of S at a prime ideal is Gorenstein), or a domain, or reduced so that 
cu C S is an ideal of S, cf. |Hocht Prop. 14.9]. In which case we can 
consider the following short exact sequence: 

O^cu S S/Q ^ 

that induces the long exact sequence 

-..-». Ks\S) Ifc 1 ^) H* s (u>) -> H* S (S) 0. 

Since S 1 is Cohen-Macaulay, the above reduces to 

(1) -> 1^(5/0) H* 5 (u;) -> H* 5 (S) -> 0. 

As we noticed in the introduction, a natural Frobenius map acting on 
S induces a natural Frobenius map acting on ni s {S). The following 
result allows us to talk about the natural Frobenius map acting on 

Theorem 10 (cf. in Example 3.7 |Ly-Sm| ). Let J= e := 7" e (H£ s (S)) 
be the R-module consting of all e th -Frobenius maps acting on H^ s (5'). 
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Then JF e is generated by one element and the generator corresponds to 
the natural Frobenius map. 



Moreover, we can give an explicit description of the .R-module T t 
and consequently of the natural Frobenius which generates it. Our 
strategy consists of checking that the exact sequence ([I]) is an exact 
sequence in C e so that we can apply to it the A e -functor defined above. 

Firstly, note that the natural Frobenius acting on S induces (by re- 
striction) the natural Frobenius map on u. Hence we also have a natu- 
ral Frobenius map F acting on H^ s (u)) and the surjection a : H^ 5 (d>) —t 
H mS (S) is compatible with the Frobenius maps (cf. \K1\ Section 7]). A 
Frobenius map is also induced on H^ 5 1 (5'/a;) as the restriction of the 
natural Frobenius map acting on }ii s (tu) to E^s l (S/Q) and we need 
to check that this restriction is an endomorphism so that we have that 
02]) is a short exact sequence in C l . Consider the following diagram 

— Ks\SM — Ei s (u,) Ri s (S) — 



— Ks'iS/u) — E d mS (u) -JU. H ^(5) — 

where T is the natural Frobenius acting on H^ s (S f ). To show that 
FKer(a) C Ker(a) we use that the surjection a: H^ 5 (a)) — >■ H tn5 (S') 
is compatible with the Frobenius maps. Pick a 6 Ker(a) then F(a) G 
Ker(a) because a(F(a)) = T(a(a)) = T(0) = 0. 

Once we have fixed an isomorphism between Awie r (I) and H^ 5 (o;) 
we can then consider the natural Frobenius map, which we call F 
with an abuse of notation, induced on Ann e r {I)- By [Kl[ Prop. 
4.1] all Frobenius actions on Ann^ fl (J) are given by the restriction 
of uF: En — > Eji where u G (1^ : /) and F is the natural Frobenius 
map acting on Er. Consequently any e th - Frobenius map acting on 
AnnE R (I) is of the form 

(uF) e = ilF q ■ ■ ■ o uF = u Ue F e 

e times 

where v e — 1 +p + ■ ■ ■ + p e ~ x when e > and u = 0. In the same way 
we can then prove that is a short exact sequence in C e and that the 
maps are morphisms in C e . We can then apply the A e -functor to (JT]) 
but before we do that we write such a short exact sequence in a useful 
way for our computations. We start with the following lemma. 



ON THE UPPER SEMI-CONTINUITY OF HSL NUMBERS 



7 



Lemma 11. Let S and tu be as above then modules H^ lS l (S/uj) and 
Anng g (a;) are isomorphic. 

Proof. If we identify H^ 5 (u)) with Ann ER (I) then W^ nS 1 (S/uj) must be 
of the form Anng; s (J) for a certain ideal JC5. 

In [Lj Lemma 2.16] it has been shown that for a generic ideal J C S it 
must be that Ann^H^^S 1 / J)) = (0: (0: J))/ J. In our case, J = uo is 
unmixed and consequently, using Matlis Duality, the result follows. □ 

Hence we can rewrite ([I]) as 

(2) ->• kxm Es {u) ->• Ann^tT) ->■ H^ s (£) ->• 

and therefore we have H^ S (S') = Anng H (i")/ Anne s (a;). An application 
of the A e -functor to the latter short exact sequence yields the short 
exact sequence in T> e \ 

to /I ^ R/I R/u ^ 

. //M fl/J^ #/^ b1 

where the central vertical map is the multiplication by u Ve . Note that 
we have used the fact that Fr{—) is exact and R is regular. In order to 
make the latter a commutative diagram the only possibility is that the 
other two vertical maps are also the multiplication by u Ue . Moreover, 
such a diagram is well defined only if u e {I [pe] : I) n (u^ : u) and 
since u contains a nonzero divisor then the kernel of the surjective map 
(I^: I) n (c> e l; u) T e (Ei s (S)) which sends u ^ u u *T e is jM. 
Hence we have the following: 

Theorem 12. The R-module consting of all e th -Frobenius maps acting 
on H^g(iS') o/ i/ie /orm 

(Jt pe l : /) n (c> e ] : u) 

where u is the preimage of u in R. 

Consequently, if G is any Frobenius map acting on H-i s {S) then 9 is 
of the form uT where T is the natural Frobenius map acting on H^ lS (5') 
and u G I) n {uM\ u). 

We prove now the main result of this section: 

Theorem 13. HSL(H^ 5 (S')) is the smallest integer e for which 

I e {u"-u>) _ Q 
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where u is the preimage of u in R and v e = 1 + p + ■ ■ ■ + p e ~ x when 
e > and v = 0. 

Proof We know that any Frobenius map acting on Ris(S) is of the 
form 9 = uT for some u G (I lp] : I) n (wW : u) and 6 e = u Ve T e . For 
all e > define M e = {i£ H^ lS (5')|T e (x) = 0} which yields a chain of 
inclusions of M e that stabilises by Theorem [TJ Moreover, each M e is a 
submodule of H^ S (S') and therefore it is of the form Ann ^ s ^ for some 
L e C R contained in I. Our goal is to find L e for all e in such a way 
that A ^ nEs L _ e i s the biggest submodule of ^ nng s I S nch that we have 

( Ann e s L e \ Ann e s I 



(3) e e , s e c A 

\ Ann^ g lo J Ann^ s u 
Applying A e to the inclusion A ™ E s L _ e ^ ^ nng s f we g e t 

L 1 J ° Anngg tii Anting ° 

u;/ J »■ w/L e 



where the map oo/L e — >■ u^/Le must be the multiplication by M Ve 
because of the surjectivity of the horizontal maps; note that such a 
map is well defined because u Ue co C u;^, and then L e C u. Moreover 
u>/L e — > uj^/Le must be the zero-map by construction. Hence, 
u Ve u C L|f and in order to have the inclusion (j3J), L e must be the 
smallest ideal such that its e^-Frobenius power contains u Ue u so it must 
be that L e = I e (u Ue u). □ 

Corollary 14. 5 is F-injective if and only ifu — Ii(uco). 

Proof. S is F-injective if and only if the index of nilpotency is zero i.e. 
if and only if u = Iiimo). □ 

Remark 15. Note that the index of nilpotency gives a measure of 'how 
far' S is from being F-injective and that Theorem [1] implies that even- 
tually, for a certain integer e, T e : H TOiS (5') — > K mS (S) is injective. 



4. The non-local case 

In this section let A be a polynomial ring K[xi, ■ • • , x n ] with coeffi- 
cients in a perfect field of positive characteristic p and J C A an ideal 
of A. Let B be the quotient ring Aj J; if B is Cohen- Macaulay of di- 
mension d then tt = Ext^ imA - d (F, A) is a global canonical module for 
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S. Define: 

(>1 : J) D (fi^ : fi) 



(4) W 



where Q is the preimage of Q in A Note that the quantity above is 
well defined even if Cl is not an ideal of B. Furthermore, U is finitely 
generated since it is a module over a Noetherian ring. 
Now, for any prime ideal p G A, the A-module consting of the Frobe- 

nius maps on H^ Bp (B p ) is of the form: 



(5) 

Moreover 



(J [pe] A p : JA p ) n (Q [pe] A p : QA p ) 



(J^A p ■ JA p ) n (Q^A p : QA p ) 
J\p e U p 



UA P 



and J-" e — UA P \ consequently UA P is generated by one element by The- 
orem [TUJ 

We prove now the following result for a generic finitely generated 
A- module. 

Theorem 16. Let M be a finitely generated A-module and let gi, ■ ■ ■ ,g s 
be a set of generators for M. If M is locally principal then for each 
i — 1, • • • , n 

Gi = {p G Spec(A) \MA p is generated by the image of g{\ 

is a Zariski open set. 

Before we precede with the proof of Theorem [TH] we need the fol- 
lowing lemma. Let M be an A-module generated by gi, ■ ■ ■ ,g s . Let 
ei, • - • , e s be the canonical basis for A s and define the map 

A" — 

ei i >gi- 

Such a surjective map extends naturally to an A-linear map J : A 1 — > A s 
with keif = ImJ. Let Jj be the matrix obtained from J G Mat S)t (A) 
by erasing the i th -vow. With this notation we have the following: 

Lemma 17. M is generated by g^ if and only if Im Ji = A^ 1 . 
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Proof. Firstly suppose Im Ji = A s . We can add to J, columns of 
Im J without changing its image so we can assume that J looks like 



/ai,i ai,2 ••• ai, n 1 ••• 0\ 
_ a 2 ,i a 2 , 2 • • • a 2 , n h b 2 ■■■ b s 

: : ••■ : ••• 1 

■■• 1/ 

where a^, fej G A. In this way for every j — 1, • • ■ , s we have gj—bjgi = 



i.e. gj generates M. Viceversa if M is generated by gi then for all 
j i we can write gfj = i.e. gj — = and this happens if and 
only if Cj — TjCi = if and only if Cj — TjCi G Keryj = Im J. Hence 
we can assume J to contain the vector whose entries are all zeros but 
in the i-th and j-th positions where there is 1 and rj respectively. 
Consequently Ji contains the (s — 1) x (s — 1) identity matrix. □ 

Let M be a A- module generated by gx, • • • ,g s and let W be any mul- 
tiplicatively closed subset of A. Localise the exact sequence A 1 — » A s — > 
M — > with respect to W obtaining the exact sequence W~ x A l -^r 
W~ l A s -)• W~ l M -)• 0. With this notation we have: 

Proposition 18. W~ X M is generated by y if and only if W~ X J{ = 
{W- l A) s - 1 

Proof. Apply LemmafTTlto the localised sequence W~ x A l — > W^A 13 — > 
W~ X M 0. □ 

The proof of Theorem [16] follows immediately since the above Propo- 
sition is equivalent to saying that the intersecion of W with the ideal 
of (s — 1) x (s — 1) minors of Jj is not trivial. 

Proof of Theorem\TJh p G Gi if and only if p □ 

From Theorem [16] it follows that if we choose M = U then for every 
prime ideal p G Spec (A) = [j i Gi there exists an i such that p G Gi 
and the A-module Up is generated by one element which is precisely 
the image of gi. Hence, once we have localised and completed B with 
respect to any prime ideal of A we can use the local theory developed 
so far. In particular, from Corollary it follows: 

Theorem 19. For every prime ideal p C A, B p is F -injective if and 
only if IiiuVLp) = Q p . 

Remark 20. Since u G (fijf ' : f2 p ) then uVt p C fijf ' and consequently 
Now we prove our main result. 
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Theorem 21. 

B e = {pe Spec(A)| HSL (h"|(S p )) < e} 
is a Zariski open set. 
Proof. For each p G ft consider 

— t (p) : H pBp (Bp) H pBp (#p) 



where is the natural Frobenius acting on B^^(B p ) and d( P ) 



dim .Bp. Then for all « = !,•-■ , n: 



B e n ft = {p e ft| HSL (h^P(B p )) < ?} 
peg,\ ^0 

J e+ l(^+l(fi p )) 



/ e K'(^)) 
J e+1 (^+l(fi)) 



The latter is a finite set therefore S e D ft is a Zariski open for all i. 
Since Ujft = Spec(A) then B e is Zariski open. □ 

Corollary 22. TTie index of nilpotency is bounded. 

Corollary 23. The F-injective locus of the top local cohomology of a 
quotient of a polynomial ring is open. 

Proof. It is the special case of Theorem I2T1 when e = 0. □ 

Note that this argument can be implemented as an algorithm which 
takes B = A/ J as input and produces a set of ideals K\, ■ ■ ■ ,K t such 
that, for each i = 1, • • • ,t, V(l£») consists of a prime for which the 
index of nilpotency is greater than i and Spec(£>) = [jV(iQ). 
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